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We study a double quantum dot system coherently coupled to an electromagnetic resonator. A
current through the dot system can create a population inversion in the dot levels and, within a
narrow resonance window, a lasing state in the resonator. The lasing state correlates with the
transport properties. On one hand, this allows probing the lasing state via a current measurement.
On the other hand, the resulting narrow current peak allows resolving small differences in the dot
properties, e.g., a small difference in the Zeeman splittings of the two dots. For realistic situa-
tions relaxation processes have pronounced consequences. Remarkably, they may even enhance the
resolution between different spin states by releasing a trapped population in the off-resonant spin
channel.
PACS numbers: 42.50.Pq, 73.21.La, 03.67.Lx
I. INTRODUCTION
Atomic levels coupled to electromagnetic fields lead to
a variety of fundamentally important quantum effects. A
prime example is the laser, created by exciting atoms in
a cavity which are coupled to a radiation field. Many
further basic effects have been studied over the years in
the field of quantum optics and quantum electrodynam-
ics (QED). Recently, similar effects were demonstrated in
solid states systems. In these “circuit QED”-setups su-
perconducting qubits, serving as artificial two-level sys-
tems, are coupled to superconducting electromagnetic
circuits [1–4]. On one hand, many of the effects predicted
for quantum optics systems could be demonstrated with
unprecedented quality. On the other hand, the new pa-
rameter regime, i.e., strong coupling, low temperature,
and single-qubit rather than many atoms, revealed also
qualitatively novel behavior. An example is lasing with
a single qubit observed recently [5–7], where for strong
coupling to the oscillator, quantum noise influences the
linewidth of the emission spectrum in a characteristic way
[8–11].
In this paper we propose a different circuit QED setup,
where the superconducting qubit is replaced by a semi-
conductor double quantum dot with discrete energy lev-
els. It is coupled to an electromagnetic resonator, prefer-
ably a superconducting one in order to achieve a high
quality factor. Double quantum dots with different
charge states can serve as realizations of quantum bits,
and indeed both single-qubit coherent manipulations and
two-qubit operations have been demonstrated [12–15].
Moreover, quantum-dot lasers that operate in the optical
regime were realized and, e.g., anti-bunching of photons
has been observed [16, 17]. By placing the dot system
between two electrodes and driving a current through
the system it is straightforward to create a population
inversion, which then can lead to a lasing state in the
resonator with frequency in the few GHz range [18].
The lasing state in the resonator correlates with the
transport properties through the double dot system. On
one hand, this allows probing the lasing state via a cur-
rent measurement, which may be easier to perform in
an experiment. On the other hand, the resulting narrow
current peak allows resolving small differences in the dot
properties. This opens perspective for applications of the
setup for high resolution measurements. As an example
we will analyze the consequences of a small difference in
the Zeeman splittings of the two dots.
The shorter relaxation and coherence times of charge
degrees of freedom in semiconductor quantum dots,
as compared to spin-based or superconducting qubits,
makes them less interesting for applications of quantum
information processing. However, for lasing and other
signatures of the coupling to the resonator to be stud-
ied here, the requirements on the coherence time are
less stringent. Still, relaxation and decoherence processes
have strong effects, and much of the following is devoted
to their analysis.
Spin degrees of freedom in semiconducting quantum
dots promise long coherence times, and indeed were the
target of earlier work [19–21]. Particularly long-lived are
logical qubits realized by singlet and triplet states of dou-
bly occupied double quantum dot systems. For manipu-
lations of these spin qubits, the nuclear-spin induced Zee-
man splitting difference, of the order of several millitesla
between the two dots, was exploited [22]. In this paper we
suggest to probe and resolve this small difference with the
help of the sharp lasing resonance condition. It leads to
two separate peaks in the photon number and the trans-
port current as a function of detuning. Surprisingly, the
resolution of these resonances can actually be enhanced
by relaxation effects, since they can release population
2trapped in the off-resonant spin channel which otherwise
blocks transport.
Clearly the setup proposed in this paper bears simi-
larities to bandgap driven semiconductor lasers as well
as quantum cascade lasers [23, 24]. However, there are
crucial differences in the parameter regime where the
systems are operated. The present system operates in
the GHz regime (hence we should actually talk about a
“maser”) as compared to the THz regime of conventional
lasers. The levels of the dots driven to show the popu-
lation inversion are sharply defined and can be tuned by
gate voltages. Also the coupling strength and tunnel-
ing rates can be varied in situ [25–27]. The double-dot
system has a large dipole moment leading to a strong
coupling to the resonator, which is needed to create a
“single-atom maser”. By operating at low temperatures
and by using a high-Q resonator we minimize dissipa-
tive effects. The combination of these effects creates the
sharp resonance condition which is the focus of this work.
The paper is organized as follows. In Sec. II, we
present the model for the quantum dots coupled to the
resonator and describe the pumping to create a popula-
tion inversion. The theoretical tools for the analysis of
relaxation and dephasing are also introduced. We ana-
lyze the photon population of the resonator and correlate
it to transport and fluctuations properties of the dot sys-
tem. In Sec. III, we extend the model to include a spin
splitting and find a rich dependence on various control
parameters of the system, which can be resolved due to
the narrow resonance condition for lasing. We conclude
with a brief summary in Sec. IV.
II. CHARGE STATES
A. Model and method
We consider a semiconducting double quantum dot
system with large charging energy and discrete energy
levels coupled to a high-Q electromagnetic resonator.
The former can be created and controlled by lateral struc-
turing of a two dimensional electron gas (2DEG) by ap-
plied gate voltages, the latter can be realized by a su-
perconducting transmission line as shown schematically
in Fig. 1. The dot system is biased such that the two
relevant basis states are |1, 0〉 and |0, 1〉 with a single
electron occupying either the left or right dot, respec-
tively. These states are referred to in the following as
pure charge states. They are assumed to have a bare
energy difference ǫ, but additionally they are coupled by
coherent interdot tunneling with strength t. In experi-
ments, both parameters can be tuned in the range from
several to tens of µeV [26, 28], which fits the parameter
regime considered in this paper. Hence the Hamiltonian
of the double dot system is
Hdd =
1
2
(ǫ τz + t τx), (1)
Figure 1: (Color online) Illustration of a double quantum
dot-resonator circuit. The dot is placed at a maximum of
the electric field of the transmission line in order to maximize
the dipole interaction with the resonator. For gate-defined
quantum dots most parameters can be tuned by the applied
voltages.
with Pauli matrices τx = |1, 0〉〈0, 1|+ |0, 1〉〈1, 0| and sim-
ilar for τz. Transport through the double dot system
involves a third state; below we will assume it to be the
empty-dot state |0, 0〉.
The transmission line can be modeled as a harmonic
oscillator with frequency ωr, which in most circuit QED
experiments is of the order of 1 to 10 GHz [1]. In the
arrangement shown in Fig. 1, the two pure charge states
have different dipole moments and couple to the res-
onator. The interaction is
HI = ~g0(a
† + a)τz , (2)
where a (a†) represents the annihilation (creation) opera-
tor of photons in the resonator. For weak interdot tunnel-
ing, when the single-particle wavefunctions are strongly
localized in either dot, the coupling strength can be es-
timated as g0 ∼ eEd/(2~) with d being the distance be-
tween the centers of the two dots. The electric field at
the antinode of the resonator mode can achieve values of
order E ∼ 0.2 V/m, which for a distance d ∼ 0.3 µm
leads to a coupling strength g0 ∼ 50 MHz [1].
To proceed we introduce the eigenbasis of the Hamil-
tonian (1),
|e〉 = cos (θ/2) |1, 0〉+ sin (θ/2) |0, 1〉,
|g〉 = − sin (θ/2) |1, 0〉+ cos (θ/2) |0, 1〉, (3)
with the angle θ = arctan(t/ǫ) characterizing the mixture
of the pure charge states. At the point of degeneracy,
ǫ = 0, the mixing angle is θ = π/2. In the basis (3),
within the rotating wave approximation, the Hamiltonian
for the coupled system reduces to
Hsys =
~ω0
2
σz + ~ωra
†a+ ~g(a†σ− + aσ+). (4)
Here ω0 =
√
ǫ2 + t2/~ denotes the frequency of the two-
level system. It can be tuned via gate voltages, which
allows for a detuning ∆ = ω0 − ωr from the resonator
3frequency. The coupling strength, g = g0 sin θ, reaches
its maximum at the degeneracy point and decreases as
one moves away from this point.
We analyze the dynamics of the coupled dot-resonator
system, which is assumed to be coupled weakly to an
environment with smooth spectral function, in the frame
of a master equation for the reduced density matrix ρ in
the Born-Markovian approximation [29, 30]. Throughout
this paper we consider low temperatures, T = 0, with
vanishing thermal photon number and excitation rates.
In this case, the master equation is
ρ˙ = − i
~
[
H
sys
, ρ
]
+ Lr ρ+ L↓ρ+ Lϕ ρ+ LL ρ+ LR ρ
≡ Ltot ρ. (5)
The dissipative dynamics is described by Lindblad oper-
ators of the form
Liρ = Γi
2
(
2LiρL
†
i − L†iLiρ− ρL†iLi
)
. (6)
For the oscillator we take the standard decay terms
Lr = a with rate Γr = κ. For the two-level system we
account for the relaxation by L↓ = σ− with rate Γ↓ and
for decoherence by Lϕ = σz with rate Γ
∗
ϕ. The last two
terms LL/R account for the incoherent tunneling between
the electrodes and the left and right dots.
To achieve a lasing state, a low decay rate of the res-
onator κ is required [8, 9], satisfying
κ <
2g2τ0
Γ∗ϕ + Γ↓/2
, (7)
with τ0 the population inversion to be introduced later.
Hence the resonator should have a high Q-factor. The
required quality can be reached with a superconducting
transmission line, for which Q ∼ 106 has been demon-
strated [31]. We note that also the coupling between
superconducting leads and semiconductor quantum dots
has been demonstrated, e.g., in the Cooper pair split-
ter experiments [32]. Throughout this paper, we choose
the Q-factor to be 105, corresponding to a decay rate
κ = 10−5ωr.
A crucial prerequisite for lasing is the pumping de-
scribed in (5) by the incoherent tunneling terms LL/R.
As in an optical laser the pumping involves a third state;
for the bias which we consider this is the empty state
|0, 0〉 of the double dot. We further assume that the sys-
tem is biased such that only the chemical potentials of
the states |1, 0〉 and |0, 1〉 lie within the window defined
by the drain and source voltages, and they are arranged
as shown in Fig. 2. In this case, for low temperatures
compared to the charging energy, the only possibility for
an electron to tunnel into the dot system is from the left
lead to the left dot, leading to the transition from the
state |0, 0〉 to |1, 0〉. It is described by the Lindblad oper-
ator LL = |1, 0〉〈0, 0| and rate ΓL. Similarly, an electron
can tunnel out into the right lead, creating a transition
Figure 2: (Color online) Tunneling sequence in the double dot
system. The chemical potentials µL(1, 0) and µR(0, 1) of the
two dots are assumed to be arranged as indicated.
from |0, 1〉 to |0, 0〉, which is described by LR = |0, 0〉〈0, 1|
with rate ΓR.
The pumping leads to a non-equilibrium state where
the population in the state |1, 0〉 with the higher energy
is enhanced as compared to the state |0, 1〉 with lower
energy. This effect persists when we go to the eigenbasis.
For vanishing coupling to the radiation field the resulting
population inversion becomes
τ0 ≡ ρ
e
st − ρgst
ρest + ρ
g
st
=
ΓR cos θ − Γ↓
ΓR
[
3 + cos(2θ)
4
]
+ Γ↓
, (8)
where ρst denotes the steady-state density matrix and
ρest =
∑
n〈e, n|ρst|e, n〉 the population of the excited state
(tracing out the degree of freedom of photon field), and
similar for ρgst. Remarkably the expression for the ratio
τ0, obtained in eq. (8) from a straightforward solution of
the master equation describing incoherent tunneling and
relaxation, does not depend on ΓL.
A positive population inversion, τ0 > 0, can lead to
a lasing state of the resonator. In the absence of relax-
ation, the population inversion is maximized at θ = 0
where the excited and ground states are simply the pure
charge states |1, 0〉 and |0, 1〉. However for this value,
the coupling to the resonator g vanishes. As we increase
θ the coupling grows, but the tunneling t couples the
pure charge states more efficiently, and the population
inversion decreases. At the degeneracy point (θ = π/2)
the population inversion vanishes. Hence to achieve the
lasing condition one should balance the two effects and
tune θ to a value between 0 and π/2 and not too close to
either limit. Eq. (8) further shows how relaxation pro-
cesses, which transfer population from the excited state
to the ground state, reduce the population inversion.
Before proceeding we discuss the parameter regime
considered in this paper. To achieve the lasing state, the
splitting between dot levels should be comparable to the
resonator frequency and the coupling g strong enough
to overcome the dissipation processes. Considering the
realistic bare coupling g0 of the order of tens of MHz,
this requires both the bare energy difference ǫ and the
interdot tunneling t to be several µeV for a resonator
with frequency in the GHz regime. In addition, the inco-
herent tunneling rate should be small, which we choose
4to be a few MHz. For simplicity, we set ΓL = ΓR = Γ
throughout the paper.
B. Ideal lasing conditions and sub-Poissonian
statistics
We first investigate the properties of the radiation field
in the absence of relaxation and decoherence processes of
the two-level system, Γ↓ = Γ
∗
ϕ = 0. We characterize
the radiation field by the average photon number 〈n〉,
the Fano factor F as a measure of fluctuations, and the
decay rate λ of the intensity correlation function (to be
introduced later), which are plotted in Fig. 3 as functions
of the detuning ∆. The transport current, which will be
discussed in the next section, is also shown in this figure
for comparison.
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Figure 3: (Color online) Average photon number 〈n〉, com-
pared with the analytical result 〈n〉a in Eq. (9), Fano factor
F , decay rate λ and transport current I as functions of the
detuning with Γ = 10−3ωr and t = 0.3 ~ωr. Throughout this
paper, we choose the bare coupling strength g0 = 10
−3ωr.
The average photon number, which can be measured
in experiments [5], has been investigated in detail in a
single-qubit maser [8, 9, 33]. For large detuning, the
quantum dots effectively do not interact with the res-
onator. Thus the photon number in the resonator van-
ishes (at low T ) and the system is in the non-lasing
regime. Closer to the resonance, the system undergoes a
lasing transition, accompanied by a sharp increase in the
photon number which reaches a maximum at the res-
onance. Approximately, the average photon number is
given by [34],
〈n〉a ≃ Γ cos θ
3 κ
− cos(2θ) + 7
96 g2
(4∆2 + Γ2). (9)
A comparison of this expression with numerical results,
illustrated in Fig. 3, demonstrates good agreement for
large photon number.
The Fano factor F ≡ (〈n2〉 − 〈n〉2)/〈n〉, measures the
deviation from a Poissonian distribution, and hence the
nature of the radiation field [35]. In the non-lasing regime
and in the absence of thermal photons it can be approxi-
mated by F ≃ 〈n〉+1. When the system approaches the
lasing transition, the amplitude fluctuations increase and
the Fano factor grows. In the classical lasing regime, the
radiation field is in the coherent state and the Fano factor
F = 1. As shown in Fig. 3, the Fano factor can become
smaller than 1, signalizing a sub-Poissonian distribution
of the radiation field. In this non-classical regime, the
photon number distribution is squeezed compared to the
Poissonian distribution [36].
Further information on the systems state is contained
in the intensity correlator G(τ) = 〈n(τ)n(0)〉, which also
can be measured in experiments. It can be calculated
using the quantum regression theorem [29]
G(τ) = Tr[n eLtotτnρst]. (10)
In the Markovian limit, the intensity correlator decays
exponentially, G(τ)−〈n〉2 ∝ exp(−λτ), with a dominant
decay rate λ. As shown in Fig. 3 the decay rate displays
dips when the system enters the transition regime where
the amplitude fluctuations are large and the radiation
field needs a long time to relax back to the steady state.
Eq. (9) also demonstrates the dependence on the in-
coherent tunneling rate Γ, which can be tunned via gate
voltages. When Γ is small compared to g2/κ, its pump-
ing effect dominates and the photon number increases
linearly with Γ. When the incoherent tunneling becomes
stronger, the decoherence caused by the incoherent tun-
neling increases, which reduces the photon number. This
non-monotonous behavior is displayed in Fig. 4.
C. Correlations between lasing and transport
properties
A current through the double dot requires that the tun-
neling cycle |0, 0〉 → |1, 0〉 → |0, 1〉 → |0, 0〉 is completed.
We can evaluate the current using the relation
I = e
∑
i,j
Γi→j 〈i|ρst|i〉, (11)
where the index i refers to the states |g〉, |e〉, and |0, 0〉,
and Γi→j denotes the transition rate from state |i〉 to |j〉.
The resulting current, plotted as a function of the bare
energy difference ǫ, is shown in Fig. 5. We observe two
resonance peaks, since the coherent transition between
the two dots may be either elastic, or inelastic involv-
ing the creation of an excitation in the resonator. The
elastic transition leads to the broad peak in the current
around ǫ = 0 with width given by the tunneling rate
t (here t ≫ ~Γ) [37, 38]. A second peak appears at
ǫ =
√
~2ω2r − t2, where the two-level system is in reso-
nance with the oscillator. Interestingly, this peak is – for
realistic values of the parameters – much narrower than
the first one. It correlates with the lasing state, since the
excitation of a photon in the resonator is caused by the
electron tunneling between the two dots. The correlation
between the lasing state and the current is displayed in
the results of Fig. 3.
5Figure 4: (Color online) Average photon number and Fano
factor versus the bare energy difference ǫ and the incoherent
tunneling rate Γ for interdot tunneling strength t = 0.1 ~ωr
and vanishing relaxation and decoherence rates in the dot
system.
Both the lasing state and the current peak exist only
in a narrow “resonance window” |∆| ≤ W/2. From Eq.
(9) we find that the condition 〈n〉a ≥ 0 yields
W = Γ
√
32 cos θ g2
[cos(2θ) + 7]κΓ
− 1, (12)
which reduces to W ≈ 2g
√
Γ/κ− 1 for small θ. For
the estimate we could use that in the narrow resonance
window the mixing angle θ does not change much, and
here, as well as for the following discussions it is sufficient
to fix θ to its value at the resonance. For the considered
parameter regime, the lasing window W is around tens
of MHz.
The height of the narrow current peak related to the
lasing state can also be estimated. For this purpose we
adopt an adiabatic approximation assuming the dynam-
ics of the resonator to be much slower than that of the
quantum dots [36]. For the considered parameter regime
(κ ≪ Γ and small θ), the peak value of the current is
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Figure 5: (Color online) Current through the double-dot sys-
tem as a function of the bare energy difference ǫ. The inco-
herent tunneling rate is Γ = 10−3ωr, while the relaxation and
decoherence are set to zero. We choose the interdot tunneling
strength t = 0.3 ~ωr, creating a nearly maximized population
inversion τ0 ≃ 1 as well as a strong enough coupling strength
g ≃ 3× 10−4ωr to optimally satisfy the requirement (7). The
resonance with the oscillator occurs around ǫ ≃ 0.95 ~ωr,
leading to the sharp peak in the current.
then found to be
I(∆ = 0) ≃ eΓ
∞∑
n=0
P (n)
[
2(n+ 1)
3(n+ 1) + Γ2/(4g2)
]
. (13)
Here P (n) ≃ (Γ/κ)P (0)Πnl=1[3l + Γ2/(4g2)]−1 denotes
the probability of having n photons in the resonator.
When the coupling to the resonator is strong compared to
the incoherent tunneling Γ, the peak current approaches
2eΓ/3, which for an incoherent tunneling rate of tens of
MHz is of the order of pA.
The correlation between the lasing state and the trans-
port current is remarkable in two ways. On one hand,
the current peak, which may be easier to measure than
the photon number state of the resonator, can be used
as a probe of the lasing state. On the other hand, the
rather sharp resonance condition needed for the lasing
makes the current peak narrow, while at the same time
the value of the current is reasonably high. This allows
resolving in an experiment even small details of the dot
properties. An example are the consequences of a dif-
ference in the Zeeman splittings between the two dots,
which is analyzed in a later part of the paper.
D. Influence of relaxation and decoherence
In semiconductor quantum dot system dissipative ef-
fects causing relaxation and decoherence are usually not
negligible, and before proceeding we have to analyze their
influence. Relaxation and decoherence of the two-level
system modify the state of the radiation field in differ-
ent ways. Figs. 6 show the average photon number, the
Fano factor, the decay rate λ and the transport current
as functions of the detuning ∆. To illustrate the influence
of relaxation and decoherence separately, these quantities
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Figure 6: (Color online) Average photon number 〈n〉, Fano factor F , decay rate λ, and current I through the double dot as
functions of the detuning for different relaxation rates but vanishing decoherence in the left column, and for different decoherence
rates but vanishing relaxation in the right column. Other parameters are chosen to be the same in Fig. 5.
are plotted with different relaxation rates without deco-
herence (Γ∗ϕ = 0) in the left column, and with different
decoherence rates but without relaxation (Γ↓ = 0) in the
right column.
The results confirm that increasing the relaxation rate
deteriorates the lasing state, as expected already from
Eq. (8), which shows that for stronger relaxation the pop-
ulation inversion τ0 decreases. The effects on the current
are two-fold: Relaxation reduces the efficiency of the co-
herent transition between the excited and ground states,
resulting in a decrease in both the current and photon
number near the resonance. On the other hand, relax-
ation also opens up an incoherent channel increasing the
overall current. As a result with growing relaxation rate,
the current outside the resonance window becomes larger
and comparable to that inside the window.
7Decoherence affects the lasing state in two ways. On
one hand, it has a destructive effect by decreasing the
efficiency of energy exchange between oscillator and the
two-level system. On the other hand, it effectively broad-
ens the window in which the two-level system can inter-
act with the resonator. The competition between both
effects is illustrated in the right column of Figs. 6. In
the absence of decoherence, the resonance window is
narrow, but already a moderate decoherence rate (e.g.
Γ∗ϕ = 3×10−3 ωr), broadens the resonance window while
only modestly decreasing the average photon number.
For stronger decoherence, the width of the resonance win-
dow is not significantly enhanced further, but destructive
effects shortening the lifetime dominate.
III. SPIN-SPLIT STATES
A. Resolving Zeeman splitting difference via the
lasing resonance
In this section we extend the discussion to a situation
where the spin degeneracy is lifted by a magnetic field.
When the Zeeman splittings are the same for both quan-
tum dots, the extensions are straightforward. On the
other hand, as we will see below, the properties of the
system are sensitive to even small differences in the Zee-
man splittings in the two dots h− = hL− hR. The sharp
resonance condition for lasing allows resolving such small
differences. This may be useful in the context of quantum
manipulations of electron spins in quantum dots which
serve as qubits.
In the presence of a magnetic field, which here is cho-
sen to point in z-direction, the spin degeneracy is lifted.
As long as the spin-orbit coupling is negligible (e.g., in
GaAs quantum dots), the z-component of spin is a good
quantum number with eigenstates denoted by | ↑〉 and
|↓〉. Instead of two charge states, the relevant basis is
now extended to |↑, 0〉, |0, ↑〉, |↓, 0〉, and |0, ↓〉, and the
Hamiltonian for the double dot system is given by
Hdd =
1
2


ǫ− hL t 0 0
t −ǫ− hR 0 0
0 0 ǫ+ hL t
0 0 t −ǫ+ hR

 , (14)
where hL/R represents the Zeeman splitting for the
left/right dot.
We assume the interdot tunneling to preserve the spin
and neglect spin flip-process induced by nuclear spins,
which in GaAs quantum dots would be important only at
energy scales around 60 neV [22, 39]. Hence, the Hamil-
tonian (14) separates into two decoupled spin channels
with eigenstates |e↑〉, |g↑〉, |e↓〉, and |g↓〉 and the corre-
sponding energies shown in Fig. 7. Both spin channels
can be coupled to the resonator via the charge dipole in-
teraction, in the same way as discussed above. In the
eigenbasis of both channels, the Hamiltonian for the cou-
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Figure 7: (Color online) Eigenenergies for the spin-up chan-
nel, Ee ↑ and Eg ↑ (red solid lines), and spin-down channel,
Ee ↓ and Eg ↓ (blue dotted lines), in the presence of different
Zeeman splittings in each dot. The two spin channels be-
come resonant with the radiation field at separate values of
the bare energy difference (denoted as ǫ↑,↓), as indicated by
the double-headed arrows. For large ǫ ≫ t, the eigenstates
of both channels approach the basis states |↓, 0〉, |0, ↓〉, |↑, 0〉
and |0, ↑〉, as shown in the figure.
pled dot-resonator system becomes
Hsys =
~ω↑
2
σ↑z + ~g↑(a
†σ↑− + aσ
↑
+)−
h+
4
I↑
+
~ω↓
2
σ↓z + ~g↓(a
†σ↓− + aσ
↓
+) +
h+
4
I↓
+ ~ωr a
†a, (15)
with separate frequencies ω↑/↓ =
√
(ǫ ∓ h−/2)2 + t2/~,
and Pauli matrices as well as identity matrices I↑/↓ for the
two spin channels. E.g., we introduced σ↑z ≡ |e↑〉〈e↑| −
|g↑〉〈g↑|. Here h± = hL ± hR, and h− is assumed to take
a positive value.
The difference in Zeeman splittings h− translates into
different frequencies for the two channels ω↑/↓. The two
spin channels become resonant with the radiation field
at different bare energy differences, which we denote as
ǫ↑/↓ (shown in Fig. 7). The distance between the two
spin-resolved resonances is simply the difference in Zee-
man splittings, ǫ↑ − ǫ↓ = h−. For each spin-resolved
resonance, the photon number and current exhibit sharp
peaks. Therefore, if we can resolve the distances between
the two peaks around the spin-resolved resonances we can
extract the difference in Zeeman splittings.
Before proceeding, we investigate the pumping with
spin-split states, which is illustrated in Fig. 8. For a bare
energy difference ǫ in the vicinity of the spin-resolved res-
onances indicated in Fig. 7, the transition rates from a
ground state |g↑/↓〉 to the common state |0, 0〉 and then
to its corresponding excited state |e↑/↓〉 are stronger than
those of the backward processes. This asymmetry pro-
duces population inversions in both spin channels.
Fig. 9 illustrates how the difference in Zeeman split-
tings can be resolved in measurements of the photon
number or current. In the absence of both relaxation
and decoherence, two peaks can be resolved down to low
8Figure 8: (Color online) Pumping with spin-split states in-
duced by a bias voltage across the double dots. The eigen-
states in both spin channels are connected to the common
state |0, 0〉 with transition rates depending on the mixing an-
gles θ↑/↓. For an effective pumping in both channels, the
transitions from the ground state |g↑/↓〉 via |0, 0〉 to the cor-
responding excited state |e↑/↓〉, denoted by solid arrows, are
stronger than those flowing backward (dotted arrows). The
energy of state |0, 0〉 is drawn at a position for a clear illus-
tration.
values of h−/~ωr. For the transmission line resonator
with GHz frequency, this difference in Zeeman splittings
corresponds to a magnetic field around a few millitesla
(for GaAs quantum dots), which falls into the regime of a
typical nuclear spin field [22]. For smaller difference h−,
the two spin-resolved resonances are close to each other,
where both channels couple to the radiation field inside
one effective resonance window. In this case, the photon
number and current only show a single peak at the center
between the two spin-resolved resonances (denoted as ǫ0
for the purpose of later discussions).
B. Relaxation and population trapping
Now we include the effects of relaxation and deco-
herence. One would expect that relaxation deteriorates
the ability to resolve the states. However, at the spin-
resolved resonances the relaxation has a constructive ef-
fect by increasing the population that can interact with
the radiation field. This effect even enhances the resolu-
tion of the difference in the Zeeman splittings.
The reason for this constructive effect lies in the prop-
erty that relaxation releases trapped population during
the pumping cycle. Here we focus on one spin-resolved
resonance, e.g., ǫ↓, to illustrate the effect. As shown in
Fig. 8, the population in the common state |0, 0〉 can be
pumped to the excited state of either spin channel. For
that pumped to the state |e↓〉, it can be quickly trans-
ferred to the ground state |g↓〉 by the resonant coupling to
the oscillator, and then back to the state |0, 0〉. By con-
trast, the population pumped to the state |e↑〉 is more
Figure 9: (Color online) Average photon number and current
in the absence of both relaxation and decoherence. The two
spin-resolved resonances ǫ↑,↓ are marked by the green solid
lines, which distance gives the difference in Zeeman splittings
h−. In the discussion with spin-split states, we choose the
interdot tunneling strength t = 0.5 ~ωr and incoherent tun-
neling rate Γ = 0.008 ωr.
likely to be trapped there because of the less efficient
coupling with a finite detuning. As a result, when the
system reaches the steady state, most of the population
is trapped in the state |e↑〉, and the population that can
interact effectively with the radiation field is reduced.
To further illustrate the effect of relaxation on the pop-
ulation trapped in the off-resonant channel, we show in
Fig. 10 the total population of each spin channel, namely,
ρtot
↑/↓ ≡ ρe↑/↓+ρg↑/↓ with ρe↑/↓ and ρg↑/↓ being the popu-
lation in the excited and ground states in the correspond-
ing channel. At each spin-resolved resonance, when the
relaxation is absent, most of the population is trapped
in the off-resonant channel. This trapped population is
partly released by relaxation to the resonant channel. At
the center ǫ0, the total population in each channel is al-
most unchanged by the relaxation, since at this point, the
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Figure 10: (Color online) Total population in each spin chan-
nel ρtot↑/↓ as a function of bare energy difference ǫ. Results ob-
tained without relaxation are indicated by dotted lines while
those with a relaxation rate Γ↓ = 10
−3 ωr by solid lines. Here
we choose h− = 0.025 ~ωr.
two channels are equivalent and no off-resonant channel
exists to trap the population.
For moderate strength relaxation, at each spin-resolved
resonance the effect of releasing trapped population ex-
ceeds the destructive influences. As shown in Figs.
11, the photon number around the spin-resolved reso-
nances even slightly increase under the relaxation rate
Γ↓ = 10
−3 ωr. Around the center ǫ0, the photon num-
ber drops significantly, where the relaxation only has de-
structive influences. For strong relaxation, the overall
photon number drops. However, the two peaks in the
photon number are still resolvable under a relaxation rate
Γ↓ = 3×10−3 ωr, which corresponds to a relaxation time
around tens of nanoseconds with a GHz resonator. For
the current, since the relaxation also enhances the cur-
rent outside the resonance window, the peaks around the
spin-resolved resonances are less prominent. To further
illustrate the effect and show possible signatures in fu-
ture experiments, we show in Fig. 12 the photon number
and current in the presence of both relaxation and deco-
herence.
IV. SUMMARY
We have studied lasing and electron transport in a
coupled quantum dot-resonator system. To generate the
population inversion required for the lasing, we propose
a pumping scheme induced by applying a voltage across
suitably biased double quantum dots. The pumping effi-
ciency increases as the system moves away from the de-
generacy point. For an optimal working point a balance
between the pumping efficiency and the coherent cou-
pling to the resonator is required, since the coupling be-
comes weaker away from the degeneracy point. The las-
ing leads to a sharp current peak at the resonance with
the resonator, in addition to a broader peak arising from
direct resonant interdot tunneling. For realistic coupling
strength to the resonator, both peaks can be similar in
height.
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Figure 11: (Color online) Average photon number and trans-
port current as functions of the bare energy difference ǫ with
h− = 0.025 ~ωr for different relaxation rates.
Relaxation processes shorten the life time of the two-
level system and reduce the population inversion and
hence the lasing effect. Decoherence, which also shortens
the life time, broadens the effective resonance window
between the quantum dots and resonator. For the trans-
port current, the relaxation opens up an extra incoherent
channel which increases the current outside the resonance
window with the resonator.
The sharp resonance condition allows for resolving
small differences in the dot properties. This opens per-
spectives for applications of the setup and operation prin-
ciple for high resolution measurements. As an example
we studied the consequences of different Zeeman split-
tings between the two dots. Two separate peaks arise
in both the photon number and current with distance
given by the Zeeman splitting difference. Due to the
narrow resonance condition for lasing the two peaks can
be resolved for realistic parameters. Relaxation processes
can even enhance the resolution by releasing population
trapped in the off-resonant spin channel. For relaxation
and decoherence with rates around a hundred of MHz, a
resolution down to a few millitesla can be achieved.
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Figure 12: (Color online) Average photon number and current
in the presence of both relaxation and decoherence with rates
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